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ON WEIGHTED NORM INEQUALITIES FOR
THE HILBERT TRANSFORM
OF FUNCTIONS WITH MOMENTS ZERO
BY
ERNST ADAMS

ABSTRACT. Let f denote the Hilbert transform of f, i.e.

f(x) = p.v.f G tdt

x —

and let I < p < 0. A weight function w is shown to satisfy

JIFGx) Pw(x) dx < Cf1£(x) Pw(x) dx

for all f with the first N moments zero, if and only if it is of the form w(x) =
|g(x)P U(x), where q is a polynomial of degree at most N and U € 4,,.

1. The problem is to determine for given p, 1 <p < oo, all weights w, which
satisfy

(1.1) JI7G) Pw(x) dx < € [|1(x) Pw(x) dx

for some positive constant C and for all functions f with [ | f(x) | (1 + | x])Vdx < o
and for which [x*f(x) dx = 0,0 < k < N, for a nonnegative integer N.

The case where no restrictions on the moments of f are imposed and p = 2 was
solved by Helson and Szegd in 1960 [S], and for general p, 1 < p < oo, by Hunt,
Muckenhoupt and Wheeden in 1973 [6]. In that case w satisfies (1.1) if and only if
wEA » 1.e. if there exists a constant C such that for all intervals

p—1
l%f}w(x)dx(l—}l./;w(x)_l/(pwl)dx) <C.

Of course one expects more admissible weights if there are fewer functions f
allowed in (1.1). Indeed it is easy to see, and we will show it in a moment, that
weights of the form w(x) =| g(x) PU(x) satisfy (1.1), where g is a polynomial with
complex coefficients of degree N + 1 and U € 4, when f has all up to the Nth
moments zero.

As it turns out, these are in fact all the weights. This was shown for p = 2 in 1967
by Helson and Sarason [4], see also Arocena, Cotlar and Sadosky [1]. They used
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complex variable techniques, which are not available for p = 2. In this paper a real
variable proof is given for 1 < p < oo.

This result and the corollary in the last section of this paper show that weights of
this form are the only ones satisfying the doubling condition, for which multiplier
theorems can be proved for the usual class of multipliers and indicate that the weight
functions in [8-10] are the natural weights to use.

We will use the following notation. For a nonnegative function v(x) the set of
functions f which satisfy [ |f(x) [Pv(x) dx < oo, will be denoted by L?. This is a
normed space with the norm

I, = ([|f(x) Po(x)dx) .

By L!,. we mean the set of locally integrable functions. The letters k, m and N will
denote nonnegative integers and C will always denote a positive constant, not
necessarily the same at each occurrence.

2. The theorem to be proved is the following.

THEOREM (2.1). Given p, 1 < p < o0, and a nonnegative integer N, then a nonnega-
tive, measurable function w satisfies (1.1) for all f € L21+|xl)” with [x*f(x)dx = 0,
0 <k <N, ifand only if

w(x) =|ay+ax + - +ay, x"PU(x)
with a; complex numbers and U € 4,.

As already mentioned, the sufficiency proof is very easy. It only uses the fact that
for the above f’s gf = (¢f ) for any polynomial ¢ of degree at most N + 1. To see
that this equality holds rewrite it as

ff(t)——q(x))c —~ ?(t) dt = 0.

This holds because (g(x) — ¢(¢))/(x — t) is a polynomial in ¢ of degree less than or
equal to N, so that the integral vanishes for each x. With this identity we get

[ifv1aru=[1afPu=[|(VPU<C[lafPU

since U € 4,. This proves the sufficiency.

The necessity part requires considerably more and will be done by considering
three cases. We prove a slightly stronger version assuming (1.1) to hold only for
bounded f with compact support and [x*f(x)dx = 0,0 <k < N.

To simplify notation let H(N) denote the set of all nonnegative locally integrable
functions w which satisfy (1.1) for bounded f with compact support and with the
first N + 1 moments zero for N =0, and let H(-1) stand for the set of all
nonnegative locally integrable functions w which satisfy (1.1) for bounded f with
compact support. After only slight modifications the proof in [6] shows that
H(-1)=4,.
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What we have to show now is that w € H(N) implies the existence of a
polynomial g of degree at most N + 1 such that w|q|? € A4,,. Taking one step at a
time it suffices to show that w € H(N) implies w(x)|ax + b|? € H(N — 1) for
some complex numbers a and b.

To do this we consider the three cases:

(I) w1/~ D not locally integrable at some ¢ € R,
(I1) w1/(»~ D Jocally integrable, but w!/»~D g LI

{npw-/¢=H e !,

Presupposing the existence of the above ¢, (I)-(III) correspond to the cases:

q has at least one real zero (at ¢ € R),

q has no zero, i.e. is a constant,

q has only complex zeros and has at least one.

We will show that

(I) implies w(x) | x — ¢|? € H(N — 1),

(1) implies w € H(N — 1), and

(III) implies w(x) |x — i|"? € H(N — 1).

(For (III) we actually show w(x)(1 + |x|)™? € H(N — 1), but this is obviously
equivalent to w(x) | x — i|”? € H(N — 1))

Before we come to the three cases, we show that if w satisfies (1.1), then it has to
be either locally integrable or w = oo a.e.

So let w be finite on a set of positive measure. Then there exists a positive number
B and a bounded set E with positive measure such that w is less than B on E. Now
we state two lemmas whose proofs are virtually the same as that of Lemma (2.6) in

[3}.

LEMMA (2.2). Given a measurable set E C R with finite positive measure and N
bounded measurable functions ¢, on E which are linearly independent over E, then for
any sequence of complex numbers A, k = 1,...,N, there exists a bounded measurable
function a such that

fa(x)q>k(x)dx=}\k, k=1,...,N.
E

LEMMA (2.3). Given a finite interval I and N functions ¢,, C* in a neighborhood of 1
and linearly independent over I, then for any complex numbers A, there exists a C*
function a with support in I with

/a(x)q)k(x)dx———)\k, k=1,...,N.

In the sequel we will denote the set of C* functions with support in a set F by
C>(F).
Lemma (2.2) guarantees the existence of a function « € L*(E) with

k _ [0, O0<k<N,
fE’“’(")d" {1, k=N+1.
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But for such a | &(x) |~| x|"¥ "% as | x| > oo (this will be shown soon), say | &(x) |>
| 2xM*2 | for | x |= M, with M so large that also E C [-M, M]. We have then

f|x|>MW(X) | x | NDP gy < CfM)MI a(x) Pw(x)dx < cf| afw.

Since the last term is bounded by CllallZB|E|, this shows that w is locally
integrable in {| x |= M}.
Now let 8(x) = a(x — 2M). Then B is supported in {| x |= M},

fx"B(x)deO, 0<k<N,

and
1B (x)|=]a(x —2M)|= (2| x — 2M|**2)" for|x —2M|> M.
Thus

f w(x)|x — 2M | PN gx
xi<M

< w(x)|x = 2M[P**Dax < C | Bpw.
|x—2M|>M

Since the last term is bounded by a C[|B|Pw, which is finite, because suppf is
contained in {| x |= M}, this proves the claim modulo the following.
OBSERVATION (2.4). For a € L' with compact support and

‘ _ {0, 0<k<N,
fx“(x)dx_{l, k=N+1,

we have | @(x) |~| x|V "% as|x |- oo, or in other words

Jim |x ]2 @)= 1
x| — 00

Since for such &, x¥*'@(x) = (t¥*'a)(x), we have to show that
[x(t¥*la)(x)]- 1 as|x|- oo,
or that for any integrable g with compact support and fg-= 1
xg(x) > 1 as|x|— oo.
This is obvious from the compact support of g.
We now proceed by treating the three cases separately.
Case 1. We can assume that ¢ = 0 and that, for all positive o, [fw™!/(P™D = oo,

Then we have to show that w(x) | x |7 € H(N — 1). The main part of the proof lies
in the following

LEMMA (2.5). If w € H(N) and, for all positive o, [fw™'/?™D = oo, then

/lﬁ(—)—cldx<oo.
o |xP
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PrROOF. We will need functions a, € C* [2,3],i = 0,...,N, with [x*a,(x) dx = §,,
0<i, k<N, and also [ay(x)dx/x = -d,(0) = 1. This existence is guaranteed by
Lemma (2.3). Since &, is continuous (its Fourier transform is in L'), and &,(0) < 0
we have that &, is negative on [-7, 7] for some positive 7. Since w € L} it is
sufficient to show that

—dx < .
o |xP
For any positive number § we will use the notation

_ Jw(x), w(x)=3,
w(¥) = {8, w(x) <38.

Now for any positive ¢ by assumption we can find 0 <8 <e such that
Jews(x)™/P~D dx = 1. Then we let

N €
f= ws—l/(p—l)xla, e] — 2 aif xiws(x)-l/(p—l) dx.
i=o 8
This f satisfies [x*f(x)dx = 0,0 < k < N, so that
(2.6) [17pw<c[ifpw.

The right side is bounded by

; S (3 i (Ve o [
Cf w7 h 'y f ]ai{”wlfx’ws(x) Vx|
) =072 )

j-f w(x)

which is less than some C, independent of &, if ¢ < 1, since

fex‘ws(x)—l/(p_l) dx stws(x)_l/(”_l) dx =1.
8 8

To estimate the left-hand side of (2.6) we first note that if e < 7 and if x € [¢, 7], a
lower bound for | f(x) | is given by the difference of

e W, (t)-l/(P—l) R
(2.7) [ —R i — G(x) j wg‘/“"‘)‘
) - 8
and
N €
(2.8) 3 1&(x) | [ xwp(x)™ 7P ax.

1

Since @, is negative in [g, 7], (2.7) is greater than

-1/(p—1)
€ t

For (2.8) we have the upper bound

. €

N
(2.10) cY ¢ f wy /(D)

]
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If 0 <e <1 the difference of (2 9) and (2.10) is bounded below by + — C - 2¢. If
& < 4= this is greater than L — 1 which is greater than 5%, since 0 < x < 1. So for
small ¢ we have

[P ax=cfifpw=cfipw=c

Letting ¢ — 0 proves the lemma.
With the help of this lemma we can finish case I. An equivalent way of writing
(1.1)is

~ w(x) w(x)
flh(x)P——'xF, dx < Cf[h(x)}”—lx'p dx
for h(x)/x bounded, compact support and
ka@dx =0, k=0,...,N.

To see this just use h~(x)/x = (h(t)/t)~(x), since [h(x)/x dx = 0.
To show now that w(x)/|x|P € H(N — 1), let g have compact support not
containing the origin and satisfy

(2.11) kag(x)dx=0, k=0,.. ,N—1.

Let g,(x) = g(x) — mxay(mx)fg(x)/x dx, where a, € C*[0, 1], [xkay(x)dx =
8.4 k=0,...,N. Then [x*g (x)/xdx =0, k=0,...,N, and thus by the above
remark

(2.12) /|gm(x)y'%dx < f]8.(%) }P%dx

Since [mtao(mt)f(x) = [ta0]~(mx) — 0 for a.e. x as m —» oo we have g, — £ a.e.

and using Fatou’s lemma and (2.12) we get

1806 P < timint f12,06) P2

w(x)
| x |”

Chmmff|gm(x)}” |( lp)

This is bounded by

w(x) . [l/m w(x g(x) , [
Cflg(x)}” P dx + Ch,,r,rllgf./(; | mxay(mx) PP IiV)dx .f - dx
But the last term is zero since | mxay(mx) | is bounded by || xay(x)ll ,, uniformly in
m and because of the lemma.

To complete Case I we have to remove the restriction that zero should not be
contained in the support of g. So let g € L}HlxDNﬂ be arbitrary and satisfy (2.11).
Let

h, = gx {|x|> }+ E f xg(x)dx
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where a, € C[1,2], [x*a,(x)dx =8, 0<i, k<N — 1. Then h,, satisfies (2.11)
and zero is not contained in the support of 4, so that

(2.13) [Vl )V’W(")d < Cf|h(x )V’T(")

Since A, — g equals
1 })~ N rym
_ x|<—1} )+ Q, x'g(x) dx
( gx{l <mi 2 ,f_l/m g(x)
which goes to zero a.e. as m — oo, we have using Fatou’s lemma again and (2.13)

wix) wx)
J18) T dx <timint [1,, ()P 57 dx

Chmmfﬂh (x) PT(XIP)

This is bounded by

cf18(x) V—Tg"-}dx +C _g‘,o [lafw- lim inf

»
fl/mxig(x) dx| .
-1/m

This proves Case I, since the last term is zero.

Case 11. We consider now the case that w='/?~1 is locally integrable but that,
say, [Cw™/(P7D = o0, As in the preceding case there is a lemma, which contains
the heart of the proof.

LEMMA (2.14). If w € H(N), w™'/?=Y Iocally integrable and [{Pw™"/?~D = oo
then (% w(x)/(1 + |xPN*D)dx < oo.

PROOF. For positive & we will again use the notation

w(x) = {W(X)’ w(x) > 1/h,
1/h 1/h, W(x)<1/h_

Then given any M greater than 1, by the assumption we can find a positive 4 such
that

M+h Ry
/M xMwy 4(x) VT gy = 1.

Let then

-1/(p— M+h | o
f=wif e Ox[M,M+h]— 3 aifM (1) d

=

where a; € C*[0, 1], [x*a,(x) dx = 8, 0 < i, k < N. Then f satisfies [x*f(x) dx =
0,k=0,...,N, and thus

(2.15) J17(x) Pw(x) dx < € [ £(x) pw(x) dx.
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The last term is bounded above by

N ?
M+h 1 M+h . Ry
Cf Wil 4 C 3 f |ai|pw|f iy (1)
M i=0"0 M
which is less than some constant C, independent of M, since
M+h . N ip— M+h A/
f t'wy (1) ')dt<f w ()P Vdr =1,  o<i<N.
M M

To estimate the left-hand side of (2.15) we note first that | f(x) | is greater than or
equal to the difference of | &,(x) | and

N—1
. Mth -1/(p=1) M+h -1/ (p-1_dt
(2.16) EO [a,.(x)|fM t'wy (1) dt +lfM wy (1) |

By observation (2.4) |d@y(x)| is bounded below by |2xV*!|! for large x, say
| x|> r, r depending only on ay,.
The first term of (2.16) is bounded above by

N—1

1 M+ h
2 “&i"waM Wi/ (l) 1/(p— l)dt
i=0

which is less than C /M for some C, since M > 1.
If we only consider negative x, then the second term of (2.16) is less than

I pM+r 00 1
ﬁfM Wil ><ﬁ,

So altogether for x < —r:

|/(x)|= W—%

This is greater than |4xM*!'|! for |x|< M’ = (M/4C)/™+D. This gives
[w(x)/| x PN Y dx < Cf | fPw < C,. Letting M > oo, hence M’ - oo and ob-
serving that w € L}, proves the lemma.

Now we can finish Case II. We want to show that w € H(N — 1). So let g be a
bounded function with compact support and let it satisfy

kag(x)dx=0, k=0,...N—1.
Let
() = 50 = 22 i)

where a) € C*[-2,-1], such that jxkaN(x) dx =38,5, k=0,...,N. Then g,, satis-
fies [x*g, (x)dx =0,k =0,...,N so that

(2.17) [1zapw<cflg,pw.

Since g(x) — &,(x) = (ay(x/m)/m"*") [t g(t) dt tends to zero for all x as m
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goes to infinity we get using Fatou’s lemma and (2.17)

[1zPw <limin [|z,Pw< Climinf [|g, [Pw.
m-— 00 m— o0

This is bounded by
'4

-m laN(x/m)F’ /t”g(t)dt )

C/|g[‘”w + Ch;rr’rligf/_ T a

Since a, is bounded and

w(x) dx

2m

. -m w(x)
i ————dx =0
m——{I:o v/:zmlxlp(N‘H) *

by the lemma, the proof of Case II is complete.

Case 111. The case where w!/(?~D € L! is the easiest of the three and can be
treated by the methods of Cases I and II. We want to show that w(x)/(1 + | x|P)™
€ H(N — 1), so let g be a bounded function with compact support and

(2.18) kag(x)dx=0, 0O<k<N-—1.
Let o, € C*[1,2], [x*a,(x)dx = 8,0 <i, k<N + 1. Write g = g, + g,, where
N—1
2.
g0 =ex[-221 - 3 «f rg(t)ar
i=0 -2
and
NoL
si=gx{|x|>2)+ 3 a,.f t'g(t) dr.
i=0 -2

Then both g, and g, satisfy (2.18).
Now we estimate

[1a0 P s and [l sas

separately. We will make use of the following observation. If w € H(N) then

(2.19) f——w—(de < 0.

1+ [xp+2

This follows if we take f to be ay,, in (1.1), because then |f~(x)|~|x|"""2 at
infinity. '

Let first f = g, — ay [tVg,(1) dt, so that
(2.20) /xkf(x) dx=0, O0<k<N.

Thus

(2.21) [iipw<c/ifpw.
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Now we can estimate
. w(x)
[180) P
by
P
ft”go(t) d| .

Using the fact that | dy(x)|~|x | "' at infinity together with (2.19) and (2.21) we
see that this is bounded above by

J176 P72k s+ [l o) s

cfifpw+c ftNgo(t)dtp.

The definition of f gives the upper bound

Cf|g0 Pw + Cf12| ay Pw ftNgO(t) dtlp +C ft”go(t)dtp.

Since g, is supported in [-2, 2] this is less than
w(x )
(2.22) Cflzz;o(X)l"’1 dX+C flgo -

Holder’s inequality shows that the last term in (2.22) is bounded by

[l I"w(fw-‘/w—‘))pwl

¢ 1aux) P,

since w™!/(P~D e L!. Using the definition of g, shows that this is bounded by the
sum of

which is less than

(2.23) C/Ig(x) P’%dx
and

N 2 w(x) W 2 4
(2.24) ci§0f1| ( )y’——de V_Ztg(t)dt‘.

To complete the g, part we estimate (2.24) by (2.23). First we get the bound

(flg(X) ) _

Using Holder’s inequality this is less than

fiatp g oo < cfisto ry g
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Now we turn to the g, part. To estimate

we let

1) =82 — g [ 20
Then [x*f(x)dx = 0,0 < k < N, hence

(2.25) [iipw<cfirpw.
Also
(2.26) A(x) = (i () = (%) — (tag) (o) [ B

First we have

f|g,(x) ip%dx < Cflﬁ glix) w(x) dx.

Using (2.26) gives the upper bound
(re) (x) (x)

1+ |x

Cf17pw+ Cf| 2| wix )d.jg‘()

Now use (2.25), the fact that | (zay)(x) |~| x|™¥~! at infinity together with (2.19)
and that g, is supported in {| x |> 1} to see that this is less than

| 8)( )'
cfirpw +C(/1+|t| :
The definition of f and the fact that &y, € C*[1, 2] give the bound
w(x) l&(0)]
(2.27) JIFXE: I ke +Cf1+| x| .
Using Holder’s inequality and the fact that w™!/¢?~D € L' shows that (2.27) is less

than
w(x)

flat b3 pd

This is less than

180 s + o) P

But this is bounded by

st Pl ax

using the above estimate for g,. This completes Case III and therefore the theorem is
proved.
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3. In [8-10] the authors consider weighted L”and H” spaces. They provide
sufficient conditions on multipliers on these spaces to be bounded operators and
show relationships between the weighted L? and H” spaces, respectively.

Their weights have the form w(x) =| g(x) PU(x), where q is a polynomial and
U € A4,. They prove norm inequalities with these weights for f € S, the space of
all rapidly decreasing C* functions, whose Fourier transform has compact support
not containing the origin.

Since the multiplier of the Hilbert transform is a member of all the classes of
multipliers considered in [8,9], and because of a little argument given in [10] the
following corollary shows that under a weak assumption on w the weight is
necessarily of the above form.

COROLLARY (3.1). If

(32) Jifpw<c[ispw
for somep, 1 < p < oo, and for all f € S, and if for some N = 1
w(x)
(3.3) fT:I—xlmdx < 00
then w(x) =|q(x)PU(x), where q is a polynomial of degree at most N + 1 and
UeAd,
p

PROOF. In view of the theorem it suffices to show that w satisfies (3.2) for bounded
functions f with compact support for which [x*f(x)dx = 0,0 <k < N.
First we show that (3.3) implies

lim n ”‘N“’/ w(x)dx =

n— o0

For a given € > 0 choose r such that

/|‘ ____w(x) dx <eg

x|>r ' x Ip(N+2)

Now let n > r be so large that

w(x
f (N+)2 dx <.
|x|<rnp( )
Then we have altogether
f w(x) dx = w(x) .+ w(x) dx
Ixj<n nP(N+2) |x|<rn”(N+2) r<ixj<nnPN*t2
w(x
<e+t ( ) < 2e.

lp(N+2) X

r<|x|<n | X

Thus we can apply Theorem (6.13) of [7] to get a sequence of functions f, in S,
that converges to the above f in L2 and L?. Since then £, converges to fin L?, we can
assume that f, converges to fa.e. Now we apply Fatou’s lemma to get

f|f|1’w<ligi£ff|f;|l’w.
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Since f, € Sy this is bounded by

cnnrgioroxfﬂf,,kw =cf|fpw.

This proves the corollary.
The following lemma shows that for locally integrable w condition (3.3) is satisfied
for instance if w only satisfies the doubling condition, i.e. if for any interval /

(3.4) /w(x)dx<pjw(x)dx

21 I
with D independent of I. By 2 we mean the interval which is twice as long as I and
has the same center.

LeEMMA (3.5). If w satisfies the doubling condition, then there exists N > Q such that

f-l(idx<oo.
1+ x|V

PrOOEF. From (3.4) it follows that for any &

3.6 w< D*[w.
( ) -/;"1 I
Let N > 0 be such that D < 2V, First
w(x) ol w(x)
3.7 ———dx < w(x)dx + ———dx.
(37) -/l + x|V <1 () kgo-/;k<|x|<2k+‘ 1+ x|V

Each integral under the sum sign can be estimated from above by
27kN x) dx.
./;k<!x|<2k+|w( )
Enlarging the range of integration and observing (3.6) gives the bound
2-kNpk w(x) dx.
x|<2

Since D < 2" this shows that (3.7) is finite which completes the proof.

If no growth condition on w is imposed in Corollary (3.1), there might not exist
any nonzero f € S, for which [|f}Pw is finite, so that (3.2) is trivially true. In that
case nothing can be said about the form of w.

Take for example w(x) = e for some a > 0 and assume that for some f € S,
[ | fIPw is finite. Then Holder’s inequality shows that

f|f(x) | e/ 2P dx < o0.

Thus the Fourier transform f of fis analytic in the strip {£ + in [Im|<a/2p}. But
since f vanishes in a neighborhood of the origin, f is identically zero.
What the best condition on w is to ensure that [|f|Pw is finite for at least one
nonzero f € S, is unknown to the author. A good guess is probably
f lig—n—)(x—z)dx < 00.
1+ x

See [2] for results in this direction.
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